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A new nonequilibrium molecular dynamics algorithm is proposed for the determination of thermal conductivity and
other transport properties. The proposed algorithm aims at diminishing the energy drift problem observed in this type of
method while conserving linear momentum and being compatible with constrained molecules. The features of the pro-
posed algorithm are evaluated by determining thermal conductivities of water at 323 K, n-octane at 300 K, and argon
close to its triple point, and by comparing these results with those obtained using established methods. The analysis of
systems presenting diverse molecular characteristics allowed us to assess the usefulness of the proposed algorithm. The
energy drift and temperature variation were reduced in the range of 10-80%, depending on the parameters of the pro-
posed algorithm and the characteristics of the system. The determined thermal conductivities showed good agreement
when compared to experimental and simulation data. © 2015 American Institute of Chemical Engineers AIChE J, 61:
2881-2890, 2015
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Introduction ranges of experimental conditions used to estimate their

9 . .
Transport phenomena are continuously studied due to their parameters.” In all those circumstances, computational tech-
. port p OUSLY St .. 13 niques, such as molecular dynamics simulations, can be use-
importance for the development of industrial applications. . . . .
o o . ful tools for reducing the costs with experimental evaluation
In the oil industry, the availability of reliable transport prop- s e 3.9-13
. g of transport properties.
erties of complex hydrocarbon mixtures would allow a more Al h | molecular simulati h
precise modeling of oil reservoirs."” In addition, a better ods }?;\;ge therrl)a(site\yeiir;édsef\;?rihemgefgrl:n?:last]ir:r? 2?(;;:12;;;
understanding of transport processes could offer reasonable . hich involve the simulati £ .
. . properties, which involve the simulation of systems at equi-
explanations to poorly understood natural phenomena, with librium (equilibrium molecular dynamics EMD'*1%) or out
possible use in the development of biological applications.8 of :
Nowadays, the continuously growing interest in geological

equilibrium  (nonequilibrium  molecular  dynamics,

. NEMD'7! or transient molecular dynamic522_24). Transport
storage of gases such as CO, demands transport properties
of pure substances and mixtures at extreme conditions,

property determination using EMD is based on the Linear
which involves complex experimental setups. Many mathe-

Response Theory.”> > Evaluation of the natural decay of

. . . . . correlation functions of microscopic fluxes allows the use of
matical models available in the literature are based on empir-
ical correlations, which limits their applicability to the

the Green—Kubo formalism®®?° to obtain several transport
properties in a single EMD simulation run.? Regardless of
this advantage, EMD exhibits some disadvantages such as
- poor convergence of the time integrals of flux correlation
tav(;;);%ggijif?]c;concerning this article should be addressed to F. W. Tavares at functions and ambiguous definition of the microscopic heat

flux for multicomponent systems.*?***3! Conversely, with
© 2015 American Institute of Chemical Engineers NEMD methods the system properties converge more rapidly
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and the heat fluxes are exactly defined for any system,
despite the number of components.'*-**-32

Notwithstanding all the mentioned benefits of molecular
dynamics, one must bear in mind that most force fields have
been developed to reproduce thermodynamic data. Thus,
tests are often required to assess the reliability of an existing
force field in reproducing transport properties.’

The most common class of NEMD methods is referred to
as boundary driven nonequilibrium molecular dynamics
(BD-NEMD).33 It consists in controlling the boundaries of
the simulation box to impose a driving force (e.g., a temper-
ature gradient) and a corresponding flux (e.g., heat flux) in
the system. In a BD-NEMD simulation, a box with periodic
boundary conditions is initially divided into several slabs of
equal thickness along one direction. Subsequently, two slabs
are chosen so that energy is added to one of them (tagged as
the “hot slab”) and removed from the other one (tagged as
the “cold slab”). For the sake of symmetry, it is important
that the distance between the hot and cold slabs (measured
from their central planes) is equal to half the box size in the
corresponding direction. By periodically performing the
described energy addition/removal, a heat flux and tempera-
ture gradient will take place between the hot and cold
regions. Once steady state is reached, the thermal conductiv-
ity can be determined using Fourier’s Law.'%?

Different procedures may be applied to control the hot
and cold regions of the simulation box.>® Two well-known
BD-NEMD methods are the heat exchange algorithm (HeX)
developed by Hafskjold et al.'® and the momentum exchange
algorithm (PeX) developed by Miiller-Plathe.'” In the HeX
algorithm, the velocities of the atoms contained in the tagged
slabs are rescaled so that the same amount of energy
removed from the cold slab is added to the hot one. By per-
forming these exchanges periodically, the system will reach
the steady state with a defined energy flux and temperature
gradient.'®* In the PeX algorithm,'” energy is artificially
transferred by swapping the velocities of the slowest atom in
the hot slab and the fastest atom in the cold slab. For the
total momentum of the system to be conserved, these two
atoms must have equal mass. The kinetic energy periodically
transferred in such a nonphysical way ultimately flows back
to the cold region by physical mechanisms. An important
improvement on the PeX algorithm for molecular systems
consists in swapping center-of-mass velocities of molecules,
thus avoiding deformations.>® Another improved PeX algo-
rithm is the one devised by Nieto-Draghi and Avalos,”! in
which the momentum exchange is carried out as if the cho-
sen atoms in the cold and hot slabs underwent an elastic col-
lision. This strictly satisfies momentum conservation and
thus circumvents the mass equality restriction of the original
PeX (in fact, it reduces to the original method when the
mass equality holds).

The advantages of the PeX methods are (1) the adherence
to conservation laws in their formulations, (2) the natural
compatibility with periodic boundary conditions, and (3) the
use of Newtonian dynamics in the intermediate slabs. How-
ever, the system must be large enough for each slab to
behave as a thermodynamic system.lg’lg’”_36 Two other
drawbacks are generally observed. The first one is that large
driving forces (temperature differences) are generally needed
between the two-tagged slabs (the measured properties are
generally reported at the average temperature of the simula-
tion box). This requires caution to avoid phase transitions,
which can occur if the temperatures of the tagged slabs
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exceed melting and/or boiling points.**® The second draw-
back is the drift in the total energy of the system caused by
the constantly imposed perturbations,34'35 which increases
the average box temperature over time, thus interfering in
the determined transport properties. This problem is com-
monly avoided by weakly coupling a Berendsen thermostat
to the system.***> According to Zhang et al.,” the differences
in thermal conductivities determined with and without the use
of a thermostat are around 10%, which was considered not
significant. However, given that thermostats act directly on
the atomic velocities, they can affect the dynamics of the sys-
tem and their use should be minimized or avoided. Recently,
Kuang and Gezelter’’” developed an algorithm that can poten-
tially alleviate the energy drift problem, but it has not been
tested in this context. Atom velocities in the tagged slabs are
rescaled in a nonisotropic way while momentum and energy
are conserved and a predefined energy flux is imposed. In
addition, minimum anisotropy is forced so that up to four
scaling parameter sets remain as feasible choices. Then, a
least-perturbation criterion is adopted when choosing among
these sets. In another article,®® the authors proposed a simpler
algorithm which is capable of specifying thermal and momen-
tum fluxes simultaneously, but has less flexibility with respect
to the least-perturbation criterion.

Taking the discussion above into consideration, the goal
of this article is to propose a new BD-NEMD algorithm that
intrinsically contains a minimum disturbance criterion in its
formulation considering both the orientation and magnitude
of momentum vectors. In addition, the method developed
here can be used to exchange energy between molecules
with internal constraints, or among all atoms present in the
tagged slabs, provided that the transfer is performed using
the translational kinetic energy of the group of atoms in
question, such as proposed by Bedrov and Smith.?® Once the
disturbance is small at every transfer event, the system is
expected to undergo small energy drift and temperature vari-
ation over time. To evaluate the algorithm, the energy and
temperature variations are compared to those exhibited by
the PeX algorithms of Miiller-Plathe (hereafter referred to as
MP) and of Nieto-Draghi and Avalos (referred to as
ND&A). The three BD-NEMD algorithms (MP, ND&A, and
the one proposed here) are used to simulate n-octane at
300 K, water at 323 K, and argon close to its triple point.
For n-octane, the Nath, Escobedo and de Pablo Revised
force field (NERD)* and Optimized Potentials for Liquid
Simulations (OPLS-UA flex)**™* force fields were used to
evaluate the influence of bond stiffness (the latter corre-
sponds to the OPLS-UA force field augmented with flexible
bonds and angles). The influence of time step size was also
evaluated using OPLS-UA flex. Water was modeled using
the SPC/Fw*? force field to evaluate the behavior of the pro-
posed algorithm in systems with electrostatic interactions.
Argon was modeled using the Lennard-Jones potential to
evaluate the energy drift when internal degrees of freedom
are not present. The thermal conductivities obtained using
the different BD-NEMD algorithms were compared with ref-
erence results found in the literature.

Proposed Algorithm

After an energy transfer event occurs using one of the
well-established PeX algorithms (e.g., MP or ND&A), the
velocities of the involved atoms change instantaneously in
both direction and magnitude, thus causing a disturbance in
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the Newtonian dynamics.** In this way, excessive bond
stretching, angle bending, or atom overlapping can occur in
the subsequent steps. Together with round-off and cutoff
errors,”” this fact eventually leads to the artificial energy
increase commonly observed in these nonequilibrium simula-
tions. Following this reasoning, if it is possible to chose new
velocity vectors which are very similar to the old ones, while
still promoting the desired energy transfer and conserving
total energy and linear momentum, one expects that the
energy drift problem is reduced.

The goal of the proposed algorithm is to transfer a prede-
fined amount of energy between two particles at a given
time step, causing the smallest possible perturbation to the
system. Note that what we call a particle can in fact be an
atom, a molecule, or even a group of unconnected atoms/
molecules, given that the total linear momentum and transla-
tional kinetic energy of the group of atoms are employed in
the calculations. After the transfer event, even though the
center-of-mass velocity of a group of particles changes, the
relative velocities of its atoms are kept constant.?’

Consider that a specified amount of energy AE is to be
transferred from a particle i, whose mass is m;, to a particle
J, whose mass is m;. Before the transfer is performed, the lin-
ear momentum vectors of these particles are p? and pjo,
respectively, and the total momentum of the pair is
p=p?+pj(-). In the same situation, the kinetic energies of par-
ticles i and j are, respectively

o 1
! 2]’)’1,’ J 2mj

&)

Because the particles must remain in the same positions,
only kinetic energy can be transferred. Of course, the amount
AE is limited by the initial kinetic energy of particle i, that
is, AE < E?. After the transfer, particles i and j will have
new linear momenta p; and p;, but the total momentum and
the total kinetic energy of the pair must be kept unaltered.
These conditions are expressed as

P, *tp;=p 2
PAADTPE=2mi(E{~AE)  and 3)
PPy Py =2m(E] +AE) @)

where the subscripts x, y, and z denote the components of
the momentum vectors. This provides five equations relating
six unknowns, which are the components of vectors p; and
p;- The sixth equation necessary for obtaining these compo-
nents will be introduced later on. By defining new variables
R}=2m;(E}—AE) and R;=2m;(E)+AE) and substituting Eq.
2 into Eq. 4, we obtain

Pizx"'l’izy —l—pl.zzzRi2 and 5)
(Pic=px)’ + (i =)+ (piz—p:) =R} ©)

Note that, in the space of possible linear momentum vec-
tors of particle i, Eq. 5 represents a sphere with radius R;
centered at the origin and Eq. 6 represents a sphere with
radius R; centered at (p,, p,, p.). Therefore, after carrying
out the energy transfer, the momentum of particle i must lie
in the intersection circumference between these two spheres.
This is illustrated in Figure 1, where the red sphere comes
from Eq. 5 and the yellow sphere comes from Eq. 6. The
locus of all momenta p; that preserve the total momentum
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Figure 1. Geometric interpretation of the proposed
algorithm.
The red spherical surface represents Eq. 5 and holds
all possible momenta p; after energy is transferred
from particle i to particle j. The circumferential inter-
section between the red and yellow surfaces represents
the solution of Eqgs. 5 and 6, thus holding all momenta
p; that satisfy the conservation laws. Finally, the green
arrow depicts the unique vector p; = ap + rq that satis-
fies the minimum disturbance criterion, with a, r, and q
being calculated by Eqs. 11, 12, and 16, respectively.
[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

and the total kinetic energy is drawn as a black circumfer-
ence. One of these momenta was arbitrarily chosen and
depicted in Figure 1 as a green arrow. The black arrow
(which is in part covered by a blue one in the figure) corre-
sponds to the total momentum p. Its length, ||p||, is the cen-
ter—center distance. This interpretation is useful for drawing
some conclusions about the energy transfer event. For
instance, it will only be possible if one sphere is not totally
inside the other and if the two spheres are not too far apart
from each other, that is, if (R,—R;)* < |[p||* < (Ri+R;)*. In
vector notation, Egs. 5 and 6 become

Ipi[I*=R? and ™
Ipi=pII*=llpi[I* = 2p - p;+ [Ipl* =R} ®)

By substituting Eq. 7 into Eq. 8 and isolating the scalar
product p - p;, we conclude that the intersection circumfer-
ence lies in the plane defined by

2
R +|pP-R?

p; > (C))

The momentum p; can be regarded as a vector sum
p;=ap+rq, where op and rq are two orthogonal vectors rep-
resented in Figure 1 by arrows colored in blue and in
magenta, respectively. The vector op comes from the projec-
tion of p, onto the direction of p, that is

ap= PP P (10)
Il [pll

Thus, the constant o is equal to p - p;/ Ipll>. Applying Eq.

9, this constant can be readily calculated by

R2+ ||p||*— R
_Ri+lpll K (an
2|pl
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The terms that compose the other vector in the sum, rq,
are the radius r of the intersection circumference and a unity
vector q. As one can see in Figure 1, such radius is related
to the lengths of op (blue arrow) and p; (green arrow) by the
Pythagorean theorem. Therefore, once o is evaluated, we can
compute 7 by

r=y/R}—o2|p| (12)

Finally, it is necessary to determine ¢. Although it has
three components, this problem has a unique degree of free-
dom, as it is known that ||q||=1 (unitarity) and that p - q=0
(orthogonality to p). In other words, it is necessary to choose
the point of the black circumference in Figure 1 to which
the green arrow will be directed. The criterion defined for
this choice is the key feature of the proposed method, which
intends to exchange energy while causing the smallest possi-
ble disturbance to the system. A suitable measure for such
disturbance is the square of the distance between the
momentum of particle i before and after the energy transfer,
that is

d*=|lop+rq—p?|>= [lop — pJII*—2rp) - q + 17 (13)

The only nonconstant term above is —er? -, which
means that we should look for the vector q that maximizes
the scalar product p? - q, subject to the constraints ||q||=q - q
=1 and p - q=0. By the method of Lagrange multipliers, we
define a function f(q)=p’-q+Ai(q-q—1)+/Lp-q and
make V4f=0, which gives

pY+2A,q+Ap=0 (14)

Applying a scalar product with p to both sides of the
equation above and given that p-q=0, we obtain
Ay=—(p-p?)/p - p. Then, defining a vector Q=2A,q, thus
proportional to q, we get

0

P P!
Q=p)-—13
" el?

Finally, as we know that q is unitary, the two possible
options are =Q/||QJ|. We must choose the one that maxi-
mizes p? - ¢, rather than minimizing it. The solution will be
the one that makes such scalar product positive. Therefore

:{ Q/lQll ifpf-Q=0
-Q/llQll ifpf-Q<0

In summary, once the particles and the amount of energy
to be transferred are chosen, Egs. 11, 12, and 16 are eval-
uated and the new linear momenta are obtained as p,=op+r
q and p;=p—p;, from which the corresponding velocities
follow directly. This is a very simple algorithm which has
the advantage of allowing energy to be exchanged between
particles with different masses. Of course, an attempted
transfer can be carried out only if the conditions AE < EY
and (R,—R;)* < ||p||> < (R;+R;)* are met. If they are not
met, we simply abstain from transferring energy at that par-
ticular time step. This does not jeopardize the applicability
of the method, but means that we cannot always predefine
the long-term energy transfer rate as AE/Toxch, Where Texen 1S
the interval between transfer attempts. Restrictions of this
type simply reflect the physical limit to the amount of
energy that can be transferred without violating the conser-
vation laws. They are expected to exist in any algorithm that

p 5)

(16)
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allows AE to be specified (see, e.g., Ref. 37). However, as
shown in Results section, full acceptance is generally
observed with the proposed algorithm, except in extreme
cases when large energy fluxes are simulated with exceed-
ingly high (i.e., way above optimal) values of Texch-

We note that the proposed algorithm is analogous to the
nonisotropic velocity scaling (NIVS) method of Kuang and
Gezelter,”” but has two key distinctions that should be
remarked. First, minimum disturbance is the main criterion
of our method, used to choose the new momenta from a con-
tinuum of possibilities, while it is only a secondary criterion
in the NIVS method. Second, our formulation is simpler and
does not require solving a quartic equation at every transfer
event, as NIVS does. Finally, we note that NIVS is origi-
nally formulated to involve all particles at the tagged slabs
in the energy exchange, while our original formulation
involves only a selected pair of particles. However, this not
an actual distinction, as either method could be easily refor-
mulated in the other way.

Methodology
Thermal conductivity

Besides the proposed algorithm, the methods of MP' and
of ND&A?!' were used in this work to determine the thermal
conductivity of the simulated systems. To perform a fair
comparison of the algorithms, the same criterion was used to
choose the particles that will exchange energy, which are the
fastest atom in the cold slab and the slowest atom in the hot
slab. It is important to note that transferring energy between
single atoms is the worst case scenario for testing the energy
drift problem, because the whole disturbance in each tagged
sl%lg is being localized rather than being spread throughout
it.

The steady-state energy flux across the system (J) and
temperature at each slab k (7)) are determined in the same
way as in the MP and ND&A methods. Considering that the
box was divided along the z axis and that the transient part
of the simulation has been properly discarded, we have

> AE

transfers
=———and 17
uLL, an
Ti= f [[vill? (18)
= millv;
k 3nk kB — || Vi

where 7, is the number of atoms in slab &, v; is the velocity
of atom i, m; is the mass of the same atom, ¢ is the total
steady-state simulation time, and L, and L, are the side
lengths of the simulation box in the x and y directions,
respectively. The angle brackets denote a time average taken
along the simulated steady state.

Considering that a linear temperature profile is observed
along the z direction, the thermal conductivity is calculated
by

J:

= (9T/_82 (19

where the gradient is estimated by linear regression.

Simulation details

All simulations were carried out using the open-source
software LAMMPS,* whose code was modified to include

September 2015 Vol. 61, No. 9 AIChE Journal



the algorithm proposed here. Periodic boundary conditions
were considered and the Velocity-Verlet algorithm was
employed to integrate the Newtonian equations of motion.'?
The time step size and the aspect of the simulation box will
be defined on a case-by-case basis. Fixed NVE simulations
were employed in all thermal conductivity determinations,
but preliminary NVT and NPT simulations were useful for
generating initial configurations and for determining the sys-
tem density in each case. The force fields employed for n-
octane were NERD?’ and a version of OPLS-UA,‘“"42 modi-
fied to include harmonic bonds and angles. The parameters
for bond stretching and angle bending were taken from the
OPLS-AA force field.*' The flexible SPC/Fw* force field
was used to model water, and the Lennard-Jones potential
was considered for argon with parameters ¢, = 1 kJ/mol and
o =0.3405 nm.** The Lorentz-Berthelot mixing rule was
employed for unlike interactions and Ewald summation'*>*’
was used to evaluate long-range electrostatic interactions of
water. The cutoff distances were 1.4 nm for n-octane,
0.9 nm for water, and 3¢ for argon (standard long-range cor-
rections'? were used in all simulations).

Parameters for algorithm evaluation

The BD-NEMD algorithms used in this work were com-
pared using molecules and force fields with different charac-
teristics. The NERD force field was employed to test the
proposed algorithm with molecules with relatively stretchy
bonds while the modified OPLS force field presents stiffer
bonds. Water with a flexible potential (SPC/Fw) was chosen
to evaluate the algorithm with molecules that present electro-
static interactions. Finally, high-density argon was simulated
to test the algorithms for systems without intramolecular
degrees of freedom.

The energy drift and temperature variation were evaluated
by computing the overall energy increase (&) and the overall
temperature variation (AT) parameters during the simulation
runs, which are defined as

. (Ery—{En)
< Er)y d (20
AT=(T),—(T), @1

where (), and (), denote averages taken for a number of
steps at the beginning and at the end of the steady-state sim-
ulation, respectively, Er is the total energy, and T is the
average temperature of the simulation box.

As some conditions must be fulfilled at a given simulation
step so that the proposed algorithm can actually perform the
energy exchange, we report the ratio of successful exchanges
(0) using the equation

exch
0 T

= max
E T

X100% (22)

where ESM is the total energy exchanged during the simula-
tion and E7** is the energy that would have been exchanged
if all attempted transfers were successful.

The standard deviations of all results were determined
using standard correlation analysis.12 The reported uncertainty
of every result is twice the corresponding standard deviation.

Density determination

The procedure for determining the density of n-octane was
the same for both force fields employed. All simulations
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reported in this section were performed using a 1-fs time
step. Initially, 400 n-octane molecules were packed into a
cubic simulation box with periodic boundary conditions and
an initial density around 280 kg/m3 using the software Pack-
mol.>* To avoid local minimum trapping, a Nosé-Hoover
chain thermostat with standard LAMMPS parameters was
used to warm up the system from 300 to 700 K during 25
ps. After equilibration at this temperature for 2 ns, the sys-
tem was cooled down to 300 K during 300 ps. Next, volume
was allowed to vary by fixing the pressure at 1 atm using a
Nosé—Hoover barostat, also with standard LAMMPS parame-
ters. After another 2 ns equilibration, a production run of 10
ns was used to determine the density of n-octane.

For water, the procedure was the same, but with minimum
and maximum temperatures equal to 323 and 450 K, respec-
tively, initial density around 680 kg/m3, and number of mol-
ecules equal to 500.

Initial configurations

Initial configurations were prepared in elongated boxes
with L.=3L,=3L, for n-octane and argon, and with L.=2L,=
2L, for water, considering the densities previously deter-
mined. The warming/cooling procedure was used once again
to avoid local minima, followed by 2 ns NVT equilibration at
the desired temperature using a Berendsen thermostat, and
then a 5 ns equilibration with fixed NVE. Exceptionally,
argon was equilibrated using the Berendsen thermostat at
83.7 K and 1428.3 kg/m® for 107 time steps, followed by an
NVE equilibration with another 10 time steps. The final con-
figurations obtained with the described procedure served as
initial configurations for thermal conductivity determinations.

Nonequilibrium simulations

The simulation box was divided along the z axis into 20
slabs of equal thickness. Attempts of energy transfer between
the fastest atom in the cold slab and the slowest atom in the
hot slab were carried out at uniform intervals of time. Differ-
ent energy exchange period ..., were used because it may
affect the performance of BD-NEMD methods. For both
methods ND&A and MP, t.,., were 500 and 1000 fs for n-
octane, 200 and 500 fs for water, and 10 and 50 time steps
for argon. The energy flux observed in each condition using
ND&A and MP methodologies were reproduced using the
proposed algorithm using Tex., values ranging from 1 fs to
the maximum 7y, used with ND&A and MP methods.

The simulations were carried out during 15 ns for n-octane
and water and 5 X 10° time steps for argon. The first 1 ns
for n-octane and water and the first 10° time steps for argon
were taken to reach the steady state. The temperature in
each slab was sampled at every 100 fs for n-octane and
water and at every 200 time steps for argon.

Slabs where the exchange occurred were excluded of 1
determination to enhance the statistical quality. The overall
energy (&) and temperature variation (AT) were evaluated for
each case studied here.

Results and Discussion

Density values determined as described in the previous
section are shown in Table 1. The obtained densities showed
good agreement with literature data, except for the modified
OPLS force field. The values for n-octane were 1.43% below
the reference data for the NERD force field and 5.44%
above the reference data for the modified OPLS force field.
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Table 1. Simulated Densities of n-Octane (300 K) and Water
(323 K) Compared to Experimental Results

p (kgm™?)
Compound This Work Reference
n-Octane (NERD) 688 6984
n-Octane (OPLS-UA) 736 6984
Water (SPC/Fw) 1004 996*

The latter was not reparametrized after bond stretching and
angle bending were taken into account, which may be the
cause of the observed discrepancy. In view of this fact, the
results obtained using this force field were used only for
qualitative comparisons. In the case of water, the simulated
density was 0.80% higher than the reference experimental
value, which is in agreement with the findings reported in
Ref. 43 for the SPF/Fw force field.

The conditions used in each BD-NEMD simulation were
described in the preceding section. For convenience, we now
introduce a notation that simplifies the comparison among
different methods with distinct parameters. One must keep in
mind that the exchange periods are always expressed in fem-
toseconds. For the MP or the ND&A algorithms, we use the
letters MP or ND, respectively, followed by the employed
exchange period. For instance, ND500 corresponds to the
ND&A algorithm with an exchange period of 500 fs. For the
proposed algorithm, we use the letters PA followed by the
exchange period of a reference simulation (MP or ND&A)
used to define the desired energy flux, followed by the actual
exchange period employed in the method. For example,
PAS500-2 means that an actual exchange period of 2 fs was
used to produce the same energy flux of a reference simula-
tion whose exchange period was 500 fs.

n-Octane systems

Tables 2—4 show thermal conductivities obtained using the
different methods and force fields, as well as the measured
evaluation parameters: overall energy variation (&), overall
temperature variation (AT), and percentage of successful
exchanges (0).

As observed in Table 2, in the case of the NERD force
field the overall energy and temperature variations were
reduced in more than 50% when PAS500-2 was employed,
when compared to ND500. For a smaller energy flux,
PA1000-2 reduced the overall energy variation in 75% when

Table 2. Overall Energy Increase (¢), Temperature Variation
(AT), Percentage of Successful Exchanges (0), and Thermal
Conductivities (1) of n-Octane Using NERD Force Field and
Employing Different BD-NEMD Algorithms and EMD Simu-

lation Method

Table 3. Overall Energy Increase (¢), Temperature Variation
(AT), Percentage of Successful Exchanges (0), and Thermal
Conductivities (1) of n-Octane Using the Augmented OPLS-
UA Force Field with 1-fs Time Step and Employing Differ-

ent BD-NEMD Algorithms and EMD Simulation Method

Algorithm A (W/m K) & (%) AT (K) 0 (%)
ND500 0.070 = 0.000 9.43 5.09 =047 -
PA500-1 0.071 = 0.000 8.59 4.58 =0.49 100.00
PA500-40 0.071 = 0.000 11.22 6.32 +0.48 100.00
PA500-250 0.073 = 0.000 10.40 5.53£0.45 100.00
PA500-500 0.068 =+ 0.000 4.95 3.01 £0.30 63.36
ND1000 0.065 = 0.001 3.88 2.00 £0.45 -
PA1000-1 0.062 = 0.001 3.46 1.73 £0.38 100.00
PA1000-40 0.063 = 0.001 5.07 2.86 £0.36 100.00
PA1000-500 0.064 = 0.001 4.56 2.34+0.27 100.00
PA1000-1000  0.064 = 0.001 1.66 0.75 £0.51 56.81
Reference 0.130°°

compared to ND1000 and practically no temperature varia-
tion was observed. Note that an exchange period of 2 fs cor-
responds to performing exchanges at every time step. Table
3 contains results for the modified OPLS force field using a
time step of 1 fs. As one can see, the behavior previously
observed using NERD was not verified here when energy is
exchanged at every time step. The reduction in the overall
energy variation, when compared to the reference ND&A
simulation, was about 10% only. For the modified OPLS
force field using a 2 fs time step, whose results are shown in
Table 4, the overall energy and temperature variation were
the largest ones, considering all conditions evaluated for n-
octane. First of all, this demonstrates that such a large time
step size is unsuitable for systems involving chemical bonds
that are so stiff. The bond force constants of OPLS are more
than twice as large as the equivalent ones of NERD. These
observations suggest that the energy drift problem is related
to anomalous deformation of bond lengths and other geomet-
ric features (e.g., angles and dihedrals) of molecules that
take part in energy exchange events.

Another observation is that about 40-45% of the energy
transfer attempts were unsuccessful when high exchange
periods were used in the proposed algorithm. Once the meth-
odology is based on the intersection of spheres in the space
of linear momenta, and the radii of these spheres depend on
the amount of energy being transferred, the conditions

Table 4. Overall Energy Increase (¢), Temperature Variation
(AT), Percentage of Successful Exchanges (0), and Thermal
Conductivities (1) of n-Octane Using the Augmented OPLS-
UA Force Field with 2-fs Time Step and Employing Differ-

ent BD-NEMD Algorithms and EMD Simulation Method

Algorithm L (WmK) & (%) AT (K) 0 (%)
Algorithm A(WmK) ¢ (%) AT (K) 0 (%) ND500 0.074+0.001 3879  21.95+0.42 -
ND500 0.096 + 0.001 3.59 361 +0.57 _ PAS500-2 0.071 £0.001 4136  23.25*0.61 100.00
PA500-2 0.096 =+ 0.001 1.70 1.47 +0.28 100.00 PA500-40 0.074 +0.001  46.69  26.35%0.70  100.00
PA500-40 0.096 = 0.001 4.53 458 +0.40  100.00 PA500-250 0.074 £0.001 4321  24.17*0.72  100.00
PAS500-250 0.097+0.001 457  440%037  100.00 PAS500-500 0.068 £0.001  19.78  11.34£0.34  58.70
PA500-500 0.095+0.001 159 1.84+038  61.56 ND1000 0.064£0.001  16.14  9.05=0.62 -
ND1000 0.093 + 0.001 0.89 0.88 = 0.43 _ PA1000-2 0.064 = 0.001 16.29 9.30 =0.57  100.00
PA1000-2 0.095 * 0.001 0.23 0.00=033  100.00 PA1000-40 0.066 = 0.001  20.04 11.32*0.34  100.00
PA1000-40 0.095 =+ 0.001 1.39 1.34+030  100.00 PA1000-500 0.067 = 0.001 18.32  10.29 £0.50  100.00
PA1000-500  0.096*+0.001 130  1.00+0.45  100.00 PA1000-1000  0.061X0001 685  3.74X046  55.03
PA1000-1000  0.096+0.002 034  050+048  54.88 Reference 0.130
Reference 0.130°°
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Figure 2. Temperature profiles for n-octane modeled
with the NERD force field.

(a) Energy exchange periods of 500 fs or equivalent. (b)
Energy exchange periods of 1000 fs or equivalent.

needed for intersections to exist are often unfulfilled when a
large amount of energy is to be transferred in a single step.
Nevertheless, the overall energy drift and temperature varia-
tion observed in these cases were the smallest ones. This can
be explained by the fact that, due to the rate of unsuccessful
attempts, the simulation did not achieve the desired heat
flux. As a consequence, the resulting temperature gradient
was smaller than the ones observed in other cases and, there-
fore, the reduction in the energy drift cannot be considered
as a real gain in this case.

This leads to the conclusion that the proposed algorithm
had its best performance when a small amount of energy
was exchanged at every time step.

Following the work of Zhang et al.,” we examined the
density and temperature profiles along the z direction of the
simulation box. In all cases, statistically equivalent slabs
were averaged and the profiles were fitted by linear regres-
sion. The temperatures in all slabs were between 40 K above
the melting point and 40 K below the boiling point of n-
octane. Figure 2 contains the temperature profiles for n-
octane modeled with the NERD force field which presented
the smallest energy drift. The density profile for n-octane
using the proposed algorithm with an exchange period of 2
fs and NERD force field is shown in Figure 3. All the

5
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obtained density profiles of n-octane were similar and exhib-
ited liquid-like behavior in the whole domain. The tempera-
ture profiles presented linear behavior for all cases, with
coefficients of determination (R?) higher than 0.994, ensuring
that the systems were in the linear regime.

Thermal conductivity values determined with different
algorithms agree, which demonstrates the validity of the pro-
posed methodology. The simulated results were about 25%
smaller than the experimental results, in the case of the
NERD force field. Other authors reported deviations of simi-
lar magnitudes.® The analysis of evaluation parameters
obtained for n-octane suggests that the proposed algorithm
may drastically reduce the energy drift when applied to mol-
ecules with soft bond interactions, but the reduction is less
pronounced if the molecules present large force constants
controlling their internal degrees of freedom.

Water systems

Systems containing 812 water molecules were simulated
to investigate the behavior of the proposed algorithm when
electrostatic interactions are present. Two energy exchange
schemes were considered in this case. In the first scheme,
any atom (either oxygen or hydrogen) was allowed to
exchange energy with any other atom. In the second scheme,
only oxygen atoms were allowed to participate in the
exchange events. To evaluate the proposed algorithm with
respect to the energy drift problem, the ND&A algorithm
was used as a reference for the first scheme, while the MP
algorithm served as a reference for the second one.

The determined thermal conductivities and evaluation
parameters for all water systems are shown on Tables 5 and
6. Note that the proposed algorithm has a bad performance
related to the energy drift when energy transfers involve
atoms with large differences in mass (Table 5). As the algo-
rithm operates by transferring fixed amounts of energy, light
atoms like hydrogen might accelerate or slow down too
much as a result of a transfer event, thus revealing a consid-
erable perturbation to the system dynamics. This effect is
magnified when large exchange periods are employed, simi-
larly to what occurred in the n-octane simulations, but it is
also noticeable when a small energy amount is exchanged at
every time step. Although the disturbance on the atom

720
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690 ~

680

p(kg/m?)

670+

660 d

650 ; . ‘
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Figure 3. Density profile of n-octane modeled with the
NERD force field and an energy exchange
condition of PA200-2.
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Table 5. Overall Energy Increase (¢), Temperature Variation
(AT), Percentage of Successful Exchanges (0), and Thermal
Conductivities (/) of Water Using the SPC/Fw Force Field

and Employing Different BD-NEMD Algorithms Performing

Energy Exchanges Between All Types of Atoms

Algorithm A (W/m K) & (%) AT (K) 0 (%)
ND200 0.708 =0.012 —6.68 18.03 = 0.31 -
PA200-1 0.774 £0.014  —7.71 20.50 = 0.35 100.00
PA200-20 0.766 = 0.020 —12.64 34.14+0.43 100.00
PA200-100  0.692£0.016  —5.29 14.39 £ 0.31 57.85
PA200-200  0.710 =0.017 —4.30 11.34 = 0.30 54.45
ND500 0.707 £0.020  —2.45 6.05 £ 0.31 -
PA500-1 0.792 = 0.025 —2.85 7.90 =0.27 100.00
PA500-20 0.797 = 0.033 —5.96 16.19 =0.28 100.00
PA500-250  0.730 =0.036  —2.53 6.43 +0.27 58.35
PA500-500 0.712£0.036  —1.62 4.43 +0.33 54.56
Reference 0.618°!

velocities is small at every event, the number of non-
Newtonian integration steps becomes large and more than
compensates such positive effect. Another point that must be
addressed is the way of choosing the atoms that will
exchange energy. As we always choose the fastest atom at
the cold slab and the slowest atom at the hot slab, it is possi-
ble that the same atoms keep being chosen at successive
steps, which might also have an effect on the energy and
temperature variations observed.

The considerations above are reinforced by the results
obtained with transfers being allowed solely between oxygen
atoms, as one can see in Table 6. The smallest energy variation
occurred when the proposed algorithm was used with
exchange periods of 20 fs, independently of the heat flux. The
PAS500-20 condition presented a reduction of more than 80%
on the energy drift when compared to MP500. According to
Raabe and Sadus,” the period of vibration of the oxygen-
hydrogen bond in water is around 13 fs. Therefore, 20 fs seems
to be enough for the exchanged energy to spread among adja-
cent atoms, thus allowing the molecule to relax. In addition,
performing transfers at every time step for a system presenting
electrostatic interactions seems to increase the round-off and
cutoff noises so that they noticeably contribute to the overall
energy variation. Nevertheless, it has been shown that the
algorithm proposed here can be used to reduce the energy drift
issue in systems with electrostatic interactions.

The temperature profiles for some simulated water systems
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340+
<
|_
330+
a)
320 . - . . . : .
0.5 1.0 1.5 2.0 2.5
z (nm)
e PA200-20
3304 4 PA500-200
< 3204
|_
310
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0I5 1?0 1?5 2ID ’ 25
z (nm)

Figure 4. Temperature profiles for water modeled with
the SPF/Fw force field.

(a) Energy exchanges using hydrogen and oxygen atoms.
(b) Energy exchanges using only oxygen atoms.

uated for water to confirm the liquid-like behavior over the
entire domain and is shown in Figure 5 for the MP200 con-
dition (which is similar to the results at all other conditions).
All the obtained temperature profiles were linear, showing

are shown in Figure 4. The density profile was also eval- 1012
Table 6. Overall Energy Increase (£), Temperature Variation 1008 4
(AT), Percentage of Successful Exchanges (0), and Thermal
Conductivities (1) of Water Using the SPC/Fw Force Field
and Employing Different BD-NEMD Algorithms Performing o
£ 10044
Energy Exchanges Between Oxygen Atoms S
X
Algorithm A (W/m K) (%) AT (K) 0 (%) a
MP200 1.003+0.012  —0.65 1.95+0.23 - 10004
PA200-1 1.110 £ 0.051 21.38 —57.40 £ 0.63 100.00
PA200-20 1.014 £ 0.012 0.50 —1.44+0.23 100.00
PA200-100  1.029 £0.013 —-0.72 2.15+0.21 96.13
PA200-200  0.998 = 0.026  —0.37 124+023 4673 996 . . - -
MP500 0.986 +0.028  —0.45 1.42+031 - 0.0 0.5 1.0 1.5 20 25
PA500-1 1.043 = 0.040 5.18  —13.67+0.28 100.00 z (nm)
PAS500-20 1.028 £0.030 —0.08 —=0.17+0.24  100.00
PA500-250  0.983 £0.028 —0.38 0.64 = 0.27 99.87 Figure 5. Density profiles for SPF/Fw water using the
PA500-500 1.119+0.078 —0.14 0.29 £0.31 46.16 MP algorithm with energy exchange periods
Reference 0.618°!
equal to 200 fs.
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Table 7. Overall Energy Increase (¢), Temperature Variation
(AT), Percentage of Successful Exchanges (0), and Thermal
Conductivities (1) of LJ Argon Employing Different BD-
NEMD Algorithms

Algorithm 2 (W/m K) (%) AT (K) 0 (%)
MP10 0.127 % 0.000 5.83 —2.58 +1.38 -
PA10-1 0.127 = 0.000 5.48 -1.69+1.16  100.00
PA10-2 0.131 % 0.000 5.03 —1.84%1.16  100.00
PA10-5 0.130 £0.000  4.49 —1.1821.00  100.00
PA10-10 0.133 = 0.000 1.66 —3.90 +0.30 60.50
MP50 0.133 * 0.001 0.28 —0.61 =0.12 -
PA50-1 0.131 £ 0.001 0.22 —0.50=0.10  100.00
PA50-2 0.134 + 0.001 0.22 —0.50+0.13  100.00
PA50-25 0.133 £ 0.001 0.25 —0.52%+0.25  100.00
PA50-50 0.133 + 0.001 0.05 —0.08 =0.11 5271
Reference 0.132°" (T = 0.70, p* = 0.84)

coefficients of determination at least equal to 0.998, ensuring
that the system is in the linear regime. The highest and low-
est temperatures were far from the freezing and boiling
points of water in almost all cases, ensuring the absence of
phase transitions. The only exception was the proposed algo-
rithm with an exchange period of 1 fs, which approached the
freezing point in the cold slab.

The thermal conductivity values determined with all BD-
NEMD algorithms showed reasonable agreement with litera-
ture values, even when high energy variation occurred by
doing exchanges between atoms of distinct masses. The val-
ues obtained with the proposed algorithm agreed with those
obtained with other algorithms, with the advantage of pre-
senting considerably smaller energy drift in some cases.

Argon systems

To evaluate how the energy variation takes place in sys-
tems without internal degrees of freedom, a system contain-
ing 3000 argon atoms next to the triple point was simulated
(density equal to 1428.3 kg/m3 and temperature equal to
83.7 K).

The overall energy variation, temperature variation, ther-
mal conductivity, and percent ratio of successful energy
exchanges are shown in Table 7. The proposed algorithm
showed that the energy drift could be reduced up to 20%
when compared to MP algorithm. The values of overall
energy variation determined with different exchange periods
for argon showed a different behavior when compared to
water and n-octane studied here. While water and n-octane
presented a point of maximum in ¢, the argon showed a con-
tinuously reduce in ¢ with an increase energy exchange
period. This observation reinforces the connection between
the energy increase and the stretching of the molecular
bonds and angles.

The determined thermal conductivity of argon using dif-
ferent algorithms showed a good agreement with literature
data. The proposed algorithm showed a reduction in ¢ from
6 to 83% when compared to MP algorithm. The deviations
between simulation and literature data were all lesser than
4%, also confirming that the proposed algorithm predicts
reliable thermal conductivity values with lesser energy drifts.

Conclusions

A new low-disturbance energy exchange BD-NEMD algo-
rithm was proposed to generate thermal gradients in molecu-
lar dynamics simulations while the total energy and
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momentum are kept constants. This algorithm provides ther-
mal conductivities (4) resulting from simulations with
smaller energy drift and temperature variation issues when
compared to other PeX algorithms.

For the systems considered here, the proposed algorithm
was tested in worst-case scenarios in terms of simulation
conditions (i.e., conditions that would cause the highest
energy drifts). Because the energy transfers were performed
between atoms with the highest velocity difference (in mag-
nitude), we expect high disturbances. Furthermore, the
kinetic energy exchanges were carried out between single
atoms instead of whole molecules. Nevertheless, the energy
drifts were reduced up to 80%, reducing the need of cou-
pling a thermostat to the systems. The proposed algorithm
might be advantageous for systems that require long
simulations.

The thermal conductivities obtained for water, octane, and
argon agreed with those from literature and with values
obtained from other well-known algorithms.
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